We study an electron that interacts with phonons or other linear or nonlinear excitations as it resonantly tunnels. The method we use is based on mapping a many-body problem in a large variational space exactly onto a onebody problem. The method is conceptually simpler than previous Green's function approaches, and allows the essentially exact numerical solution of much more general problems. We solve tunneling problems with transverse channels, multiple sites coupled to phonons, and multiple phonon degrees of freedom and excitations.
We consider a single electron tunneling through a resonant tunneling diode or a quantum dot, in the presence of interactions with phonons or other excitations. This interaction leads to phonon assisted resonant tunneling [1] , and affects the peak-to-valley current ratio, which is important in device applications. Most previous treatments of this problem use a Green's function approach, often involving Keldysh formalism [2] [3] [4] [5] [6] [7] [8] [9] . An exact solution was obtained only for the special case of a single site coupled to a single phonon mode in 1d [3] [4] [5] [6] .
Experimentally important transverse degrees of freedom were treated only to leading order in perturbation theory [7] .
The approach we use is to map the many-body problem in a possibly large variational space exactly onto a one-body problem. The Schrödinger equation, for the most part in real space, is then solved for the one-body problem. In our view, this is a conceptually simpler approach. It also produces explicit solutions for broad classes of problems that have not been solved before. The solution is essentially exact, in that the size of the variational space can be systematically increased until the answer converges. This approach need not make explicit use of Green's functions. (If desired, the Green's function can be recovered from the wavefunction.) Other inelastic tunneling problems can be solved by the same method.
One can solve essentially any problem where a single electron tunnels, and where manybody interactions are limited to a finite region of space. The electron-phonon coupling may be nonzero on many distinct sites, including several sites in the quantum well, sites in the barrier, and sites in the leads near the barrier. The electron may couple diagonally or offdiagonally to many types of phonons, and multiple quanta can be excited in the same or different modes. The electron-phonon coupling may be nonlinear, and the phonons may have nonlinear interactions among themselves. The electron can have transverse degrees of freedom. Arbitrary one-body interactions, including barriers and disorder, can also be included. The electron can interact in an arbitrary way, including spin-flip scattering, with a group of interacting "captive" electrons in the tunneling region, so long as the captive electrons cannot escape into the leads. The method can also be used at non-zero temperature. In practice, the method may make significant demands on computer resources when more than about 10,000 inelastic channels are included.
We consider the Hamiltonian
The potential ǫ j on site j can describe a tunnel barrier, disorder, or a bias voltage. The hopping amplitude t j,k can vary from site to site. λ j,m is the (diagonal) coupling of an electron on site j to an optical or acoustic phonon mode m. A site can represent a single atomic Wannier orbital or a larger region of space [10] .
The method works for complicated barrier structures and interactions described by the above Hamiltonian, and for more general Hamiltonians. To illustrate the method in a simple context, however, we first consider the case with a single phonon mode that couples only to the electron density on site 0. The many-body problem is first restricted to a variational subspace. For illustrative purposes, only states containing 0, 1, or 2 phonon quanta are retained in the example. (A workstation could easily handle thousands of states.) The many-body scattering problem in the variational subspace is then mapped exactly onto a 1-body problem with many channels, as shown in Fig. (1a) and explained in the caption.
At zero temperature, an electron incident from the left is an incoming plane wave on the lower left lead. It has an amplitude to exit on any of the six leads, corresponding to elastic and inelastic backscattering and transmission.
We seek the solution of the Schrödinger equation Eψ j = k H j,k ψ k on the tight-binding lattice of Fig. (1a) with the known eigenvalue E = −2t cos(k 0 ) + ǫ, where t and ǫ are the hopping amplitude and diagonal energy of the left lead, and k 0 is the incoming wavevector.
(The term "lead" refers to the translation invariant part of the system.) The boundary conditions are that an incoming wave is allowed on only one lead. The scattering problem is straightforward to solve. One method is to "prune" any lead that has only an outgoing wave. This exact procedure removes the lead from the problem, while changing the site energy ǫ j on the last retained site to a value that is in general complex and changes with E. For example, the Schrödinger equation on site 0 is where the electron at site 0 interacts with two distinct phonon modes of different frequencies.
Again for illustrative purposes, choose a variational space that allows up to 2 phonon quanta in either mode, for a total of 3 × 3 = 9 phonon states (see Fig. 1c ).
The pruned problem is not solved as a standard eigensystem, since the eigenvalue E is known in advance. Considering the amplitude ψ 0 to be known, the problem is then to solve a system of (complex) linear equations of the form Ax = b, where x and b are vectors, with b proportional to ψ 0 . For this toy problem A is an 8 × 8 matrix. Once the system Ax = b is solved, the Schrödinger equation on sites 0, -1, etc., is used to determine the wavefunction on the first two sites of the left lead, and thus the coefficients a 1 and a 2 in ψ j = a 1 exp(ik 0 j) + a 2 exp(−ik 0 j). The current J leaving through the pruned leads, corresponding to elastic or inelastic transmission or backscattering in particular channels, is obtained using
The formula is applied for a retained site j and a neighboring pruned site k. Current is conserved exactly, globally and at each vertex. This equation can be used to calculate ordinary current or a generalized current between two many-body states [11] .
Another form of electron-phonon coupling modulates the hopping matrix element t rather than the on-site energy ǫ,
This off-diagonal coupling represents the fact that when an atom is displaced to the right, the hopping amplitude t to the atom on its right increases, because it is closer. A system with both types of electron-phonon coupling, which can be solved by the same method, is shown in Fig. (1d) .
Figures (2) (3) (4) show essentially exact results for problems that to our knowledge have not been previously solved. Figure ( 2) plots transmission for more than one site coupled to a single phonon mode, and considers off-diagonal electron-phonon coupling. Figure (3) has coupling to many distinct phonon modes of different frequencies [12] . Finally, Fig. (4) considers transverse degrees of freedom with electron recoil, which was previously treated only to leading order in perturbation theory [7] .
As a simple test case, Fig. (2) shows transmission through a quantum dot where a single phonon mode couples to an electron on a site 0 with electron-phonon coupling strength λ.
Hopping matrix elements are t k,l = t 0 between site 0 and sites ±1 and t k,l = t for other nearest neighbors. We model the weak coupling through a tunnel barrier by a reduced t 0 in this paper, although we could have just as easily used sites with increased ǫ j . The same phonon mode also modulates the hopping matrix element (see Eq. (5)). A variational space with up to 8 phonon quanta gives results accurate to the width of the plot lines. The inset of Fig. (2) shows the transmission for the case where phonons couple only to the electron density, i.e. γ = 0. Our result agrees with previous calculations [6] . The one-phonon sideband that we calculate was first seen experimentally by Goldman et al. [1] . Note that the low-energy "elastic" peak and the one-phonon sideband (at ω ≈ ω 0 − λ 2 /ω 0 ) are each composed of both elastic and inelastic transmission. This is because there is an amplitude for the electron in the left lead to couple to the first excited state of the displaced harmonic oscillator for the electron on site 0, and then to tunnel into the right lead annihilating the phonon excitation, leaving the (now undisplaced) harmonic oscillator in its ground state.
The calculation describes both inelastic tunneling, where phonons are emitted, and polaron physics, where phonons are emitted and reabsorbed. Elastic and inelastic tunneling can be experimentally distinguished by electroluminescence measurements [13] . Figures (2a-d) show transmission when both diagonal and off-diagonal electron-phonon coupling is present. γ {L,R} modulates the hopping between site 0 and the {left,right} lead.
The only difference between figures (2a-d) is the relative sign of the coupling constants.
There are clearly dramatic interference effects, which occur generically when a phonon is coupled to more than one site. The transmission peaks are much wider in Fig. (2a) than in Fig. (2b) . This is attributed to the fact that the line width is proportional tot It is straightforward to include transverse degrees of freedom, for example to model the case where the tunnel barrier is an extended, perhaps planar structure. We investigated a model containing N y parallel leads with periodic boundary conditions in the (transverse) y−direction. The Hamiltonian, written with real-space indices j, l in the x−direction and momentum space indices k, q in the y−direction is
where the on-site energies are ǫ j = [ǫ l , ǫ 0 , ǫ r ] for [j < 0, j = 0, j > 0] respectively. Hopping matrix elements are t j,l = t x for nearest neighbor j, l = 0, and t j,l = t x0 when j = 0 or l = 0.
Similarly t yj = t y for j = 0 and t yj = t y0 otherwise. Diagonal electron-phonon coupling is restricted to sites where j = 0. Due to the translational symmetry in the y−direction, the total transverse momentum k is conserved. The electron momentum changes only as a consequence of the electron-phonon interaction. 
